This study investigates the creation of hybrid exact-approximate, analytic hypersonic aerodynamic relations for a wide range of vehicle classes to support conceptual design. This is accomplished by performing exact, analytic integrations of the Newtonian pressure coefficient over the unshadowed surface of the vehicle where possible and analytically approximating the remaining terms. Comparisons with a panel method validate the analytic solutions formed for arbitrary bodies of revolution with profiles described by second-, third-, or fourth-order Bezier curves as well as non-axisymmetric geometries described by constrained second-order Bezier surfaces. The computational and design advantages provided by the analytic relations enable the rapid design of vehicle shape within conceptual studies in manner that is not possible with traditional panel methods. 
I. Introduction and Motivation
Traditionally, multidisciplinary hypersonic conceptual design is performed in a sequential, iterative design environment comprised of independently developed disciplinary analyses. In this environment, design variables are separately chosen within each discipline. As a result, the interaction among cross-discipline variables is segregated, limiting the use of fast, specialized optimization methods in favor of slower, more generalized methods. Typically, the early phases of conceptual hypersonic design are executed to identify the type and configuration of the vehicle as well as the corresponding envelope of trajectory capability. With this consideration, hypersonic vehicle capability is generally identified through iteration among vehicle shape, aerodynamic performance, and trajectory optimization routines as shown in Fig. 1 . This sequential, iterative process is the result of a fundamental segregation between vehicle shape and trajectory optimization routines that results from the characterization of aerodynamic performance for each vehicle shape using large aerodynamic tables that are a function of vehicle orientation and flight conditions. As a result, this numerical relationship has also segregated advancements in vehicle shape design from advancements in trajectory optimization. The hypersonic aerodynamics of vehicles are often modeled during conceptual design using Newtonian flow theory. 1, 2 This theory assumes that when a particle (traveling in rectilinear motion) strikes the surface of a body, all of the momentum normal to the surface would be lost and all momentum tangential to the surface would be conserved as shown in Fig.  2 . Consequently, the pressure exerted by the fluid on the surface of a body is assumed to be solely originating from this loss of momentum normal to the surface. Under these assumptions, the nondimensional pressure coefficient, C p , at any point on the surface of a body can be obtained from the Newtonian sinesquared relation shown in Eq. (1) . Furthermore, the pressure exerted by the fluid on any portion of the surface not directly exposed to the flow, denoted as the shadowed region of the body, is assumed to be equivalent to the freestream pressure in which the motion of the fluid does not influence the pressure in this region. Consequently, C p = 0 throughout the shadowed region as shown in Fig. 3 . While this theory is only accurate within continuum flow at high speeds, this flight condition is often achieved during trajectory segments with high dynamic pressure. As such, Newtonian flow theory is a reasonable approximation during meaningful trajectory segments in which the vehicle has the greatest capability to alter its motion. The aerodynamic force and moment coefficients are obtained by integrating the pressure coefficient over the unshadowed surface of the vehicle.
Figure 2: Momentum transfer of particle on inclined surface. Traditionally, this integration is performed numerically through the use of ring methods 3, 4, 5 or panel methods such as those included within the Configuration Based Aerodynamics (CBAERO) tool 6 and the Aerodynamic Preliminary Analysis System (APAS). 7, 8, 9 In this approach, the geometry of the vehicle is approximated as a series of small flat plates, and the numerical integration is performed repeatedly across a range of orientations of interest to generate large aerodynamic tables. This procedure is repeated for each vehicle shape analyzed during conceptual design, and the advent of the digital computer has resulted in widespread adoption of panel methods. 10, 11 However, the analytic description of the flowfield (Eq. (1)) and recent advances in symbolic tools such as Mathematica 12 enable the surface integration to be performed analytically. In prior work, analytic force and moment coefficients were constructed for a wide range of basic shapes, including conical frustums, spherical segments, flat plates, and cylindrical segments. 13 Additional relations for quadratic-and parabolic-based shapes were also constructed through the use of boundaryvolume techniques and other transformations. 14, 15, 16 Since many hypersonic vehicles of interest can be constructed through the superposition of these basic shapes as shown in Fig. 4 , 17, 18, 19, 20, 21, 22 the hypersonic aerodynamics of these systems can also be expressed analytically through the appropriate combination of the analytic aerodynamic relations. The analytic relations have been shown to be approximately three orders of magnitude faster than the construction and evaluation of tables using CBAERO.
14 This speedup could be capitalized within traditional, segregated design environments by replacing tables with the analytic relations. More importantly, these relations provide an analytic mapping between vehicle shape and trajectory performance. Since the analytic relations are generically parametrized by vehicle shape parameters and are applicable across all corresponding geometries, vehicle shape parameters can be directly incorporated into the equations of motion as shown in Fig. 5 for an example sphere cone with nose radius r n , cone half angle δ 1 , and base diameter d. In this example, the vehicle geometry is assumed to be fixed during flight, but this framework could also be used with varying shape parameters as a result of ablation or configuration changes during flight. Note that in this approach, the vehicle shape parameters are combined with trajectory states in a fully coupled manner that eliminates the iteration between vehicle shape and trajectory that previously existed due to the intermediate aerodynamic tables. This fully coupled system enables rapid indirect trajectory optimization principles to be extended to also include vehicle shape to perform rapid simultaneous hypersonic aerodynamic and trajectory optimization in a manner that is not possible within traditional segregated design environments. 14, 23, 24 While the previously developed analytic relations enable the rapid design of various hypersonic systems of interest, the range of geometries that have exact, analytic solutions are limited, and as a result, prevents the adoption of these computationally efficient relations into conceptual design studies. For many complex shapes, no exact analytic force or moment solution can be constructed, and this is a consequence of the fundamental challenges that exist when performing complex integrations symbolically. 14, 15, 16 To expand the current analytic aerodynamic database to also include general vehicle configurations, hybrid exactapproximate analytic solutions are constructed for Bezier curves of revolution and Bezier surfaces. Note that these relations are generically parametrized by an appropriate set of control nodes. As such, the analytic relations developed in this investigation are applicable across all configurations that can be represented by Bezier curves of revolution and Bezier surfaces. This is a major advantage over panel methods that must be executed each time the shape of the vehicle changes. The current analytic aerodynamic database, that includes the analytic relations derived in this investigation, can be downloaded from the following embedded file when viewed in Adobe Acrobat ( ) a . The enclosed Matlab routines should be referenced for the contents of the analytic expressions.
II. Hybrid Exact-Approximate Analytic Solutions
Exact, analytic relations are only constructed if every expression within the integration process has a known integral. However, hybrid exact-approximate solutions can be constructed for general vehicle configurations that are also fully analytic. To support the rapid simultaneous design environment shown in Fig. 5 , each analytic aerodynamic expression must be valid across the entire range of both shadowed and unshadowed orientations. This requirement prevents the construction of fully approximate solutions that span the entire surface of the vehicle. As an example, consider a generic body with a surface parametrization in u and v as shown in Eq. (2) . With this surface parametrization, the inward unit normal,n in , can be formulated, and the pressure coefficient can be computed using Eqs. (1), (3), and (4).
The integration of the pressure coefficient over the surface of the vehicle could be approximated as shown in Eq. (5) for a force coefficient in the x-direction, where S denotes the unshadowed surface of the vehicle and the differential area is computed using Eq. (6). This procedure is analogous to the surface integration performed by a panel method. However, the approximation shown in Eq. (5) is performed directly on the aerodynamics of vehicle as opposed to the shape of the vehicle, providing a fully analytic approximation. Note that the finite sum in at least one variable changes as the orientation of the vehicle changes to account for the moving shadow boundary. As a result, the number of terms in the finite summation would vary or the manner in which the surface quadrature is calculated would be altered due to the shift in node locations for each shadowed orientation, preventing the adoption of this analytic approximation within the design environment shown in Fig. 5 . Alternatively, if one of the surface integrations can be performed analytically to allow for an analytic substitution of the shadow boundary (shown in Eq. (7)), then a single hybrid exact-approximate analytic solution can be formulated that is valid across all shadowed and unshadowed orientations. This feature requires the shadow boundary to be fully determined by v as a function of u, allowing the approximation to be performed along u chosen to be constant regardless of the shadow boundary. This form enables the complex and changing shadow boundary to be incorporated analytically within the hybrid solutions. While a Riemann sum analogous to the calculations performed within a panel method is shown in this example, any quadrature scheme could be used. For efficiency, a Legendre-Gauss-Lobatto quadrature scheme is used in this investigation. Since the complexity of the integrated terms increases with the number of integration performed, this single exact integration procedure provides the greatest opportunity to construct analytic, hybrid exact-approximate solutions for general vehicle configurations. As a Prior to unzipping the file, the 'REMOVEME' portion of the file extension must be removed. aerodynamicsDatabase.zipREMOVEME such, the extent of general vehicle configurations that have analytic solutions of this form is investigated.
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Unlike panel methods, the hybrid exact-approximate relations directly approximate the final aerodynamic result, and the error of this result can be directly controlled to obtain a desired accuracy. Alternatively, panel methods approximate vehicle shape to a certain level of accuracy, and the designer usually does not know a priori how this approximation translates to the accuracy of the aerodynamic coefficients. Consequently, multiple meshes of varying resolutions must be evaluated until convergence of the aerodynamic coefficients is observed.
II.A. Bezier Curves of Revolution
Many methods from computer-aided design exist to describe general shapes. As an initial step in this direction, analytic force and moment coefficients have been developed for Bezier curves of revolution with various orders. While high-order analytic relations have been obtained, the resulting expressions are lengthy, limiting the computational efficiency of this approach. While the efficiency of these higher-order solutions could likely be improved with symbolic manipulation (e.g., performing repeated calculations once and storing the result in memory), solutions for second-, third-, and fourth-order Bezier curves of revolution are included in this report. Note that these relations account for both shadowed and unshadowed angles of attack. Since these geometries are axisymmetric, the resulting analytic relations can be evaluated at total angles of attack and rotated to the proper wind frame to also account for nonzero sideslip angles (illustrated within the enclosed database). 25 The location of the i th control node is specified by the vector B i , and the order of the Bezier curve is specified by n. The control nodes specify a control polygon inside which the Bezier curve must reside. While the analytic relations are generically parametrized to control node locations, the use of Newtonian flow theory requires the evaluated shapes to be convex with a nondecreasing radius along the axis of the vehicle. Example second-, third-, and fourth-order Bezier curves, along with their corresponding control node locations and control polygons, are shown in Fig. 6 . As expected, each Bezier curve resides inside the control polygon and is connected to the initial and final control nodes in a tangential manner to the control polygon. While the addition of control nodes in higher-order solutions would provide greater flexibility in describing the shape of the vehicle, it is apparent that substantially curved profiles can be achieved with a fourth-order Bezier curve. As such, the increase in computational resources beyond fourthorder solutions is likely not necessary during conceptual design. In fact, many conceptual design studies could likely be accomplished with a low-order Bezier curve. To determine if low-order curves are sufficient for a particular study, optimal solutions can be investigated with higher-order solutions until convergence in solution shape is observed. The surface of a Bezier curve of revolution is most naturally parametrized along u (the nondimensional arclength along the Bezier curve) and v (the revolution angle of the Bezier curve) as described by Eq. (11), where x(u) and r(u) are determined by expressions resulting from Eq. (8) . In the derivation of these relations, the shadow boundary (where C p = 0) is fully incorporated for all angles of attack and sideslip by noting that the limits in the revolution angle, v, are calculated from inverse trigonometric functions. When the vehicle is fully exposed to the flow, the revolution angle inherits a nonzero imaginary component. Thus, by evaluating the real component of this expression, valid limits in revolution angle are constructed that simultaneously account for both shadowed and unshadowed angles of attack and sideslip. This property is essential in the construction of invariant analytic expressions to support the coupled, multidisciplinary design environment shown in Fig. 5 . The analytic solutions to various second-order Bezier curves shown in Fig. 7 are validated using a separately developed panel method as shown in Figs. 8-10 . As shown, both sets of results are in excellent agreement. Note that each force and moment coefficient as well as each stability derivative is calculated from a single corresponding analytic solution. As such, the invariant set of analytic solutions is used to calculate all of the analytic aerodynamic data shown in Figs. 8-10 . While the analytic relations could be used to rapidly construct aerodynamic tables to support traditional conceptual design environments, the analytic solutions also enable these shapes to be included within the rapid, simultaneous optimization framework as described in Section I. The third-and fourth-order Bezier curves shown in Figs. 11 and 12 are also validated using the panel method as shown in Figs. 13-16. As illustrated, excellent agreement exists for both the force and moment coefficients. Note that a small discrepancy in roll moment coefficient (C l ) is observed due to the full approximation by the panel method. For axisymmetric bodies, the roll moment coefficient should be zero, and this result is obtained from the analytic relations. It is important to note that the stability derivatives of these higher-order curves are lengthy and not included. While the use of symbolic manipulation may enable the construction of efficient stability derivative expressions that are reasonably short in length, it may also be better to compute these derivatives numerically using a finite difference or complex step method on the validated analytic moment expressions. Figs. 11 and 12 illustrate that these higher order curves provide additional flexibility likely required to represent a range of blunt configurations. To achieve a fully blunt configuration, two control nodes must reside on the vertical axis as shown by the third Bezier curve in each figure. As an alternative, the front portion of sharp Bezier curves of revolution could be replaced with an appropriate spherical segment (of which analytic relations have already been developed), 13 enabling the use of low-order Bezier cures for blunt configurations. Finally, as the bluntness of the vehicle increases, the corresponding aerodynamic coefficients may change dramatically as shown in Figs. 13 and 14 . The analytic relations are capable of capturing these large changes within each invariant expression. 
II.B. Bezier Surfaces
While the prior analytic solutions enable the rapid design and analysis of arbitrary bodies of revolution, future missions may require vehicle performance that is outside of the axisymmetric envelope. As such, the construction of hybrid exact-approximate analytic solutions for non-axisymmetric bodies is investigated. As an extension to Bezier curves, the geometry of these arbitrary bodies is described using Bezier surfaces. The geometry of a Bezier surface is constructed by Eq. (12), where B i,j describes the three dimensional control node locations. While the construction of analytic solutions to high-order Bezier surfaces is ongoing, preliminary analysis has shown that hybrid exact-approximate analytic solutions can be constructed for a specific set of second-order Bezier surfaces where n = m = 2. The analytic relations contained in the attached database correspond to second-order surfaces with edge control nodes fixed at locations within the same plane. An example of this is shown in Fig. 17 in which the eight edge control nodes reside along the edges of a square. To construct various Bezier surfaces, the central control node is moved as desired in any direction. Note that if the central control node was placed in the center of the square, then the Bezier surface would also take the shape of the square. As the central control node is moved away from this location, the Bezier surface is stretched while remaining anchored along the edges. As shown by the front view in Fig. 18 , this central control node can be moved in any manner to construct non-axisymmetric configurations. As with the hybrid exact-approximate analytic solutions constructed for Bezier curves of revolution, hybrid solutions are constructed by analytically integrating with respect to v and substituting an analytic expression for the shadow boundary. Unlike Bezier curves of revolution, the limits in v provided by the shadow boundary are not derived from inverse trigonometric functions. Instead, the shadowed region of Bezier surfaces is highly complex, but a single expression for the shadow boundary must be created such that an invariant set of analytic aerodynamic relations are created. When the surface is completely unshadowed, 0 ≤ v ≤ 1 where v = 0 at the most positive z-locations and v = 1 at the most negative z-locations. However, solution to the shadow boundary where C p = 0 will result in limits in v that exceed 1 for unshadowed orientations and will also result in limits in v that have a nonzero complex component for shadowed orientations. To accommodate both shadowed and unshadowed orientations with an invariant expression, the upper limit in v is transformed through a sequence of real and imaginary component calculations as well as trigonometric transformations as shown in Eq. (13), where f (u) is calculated from v = f (u) along the shadow boundary. Note that the expression v = f (u) along the shadow boundary is complex, and this transformation is not obvious when analyzing the result. Instead, this relationship was constructed after numerically evaluating the properties of f (u) along various portions of the shadow boundary. The non-axisymmetric Bezier surfaces described by the central control node locations shown in Table 1 are validated using the panel method as shown in Figs. 19 and 20. Note that this validation is conducted at a zero sideslip, and the analytic relations currently do not account for nonzero sideslip angles. Due to the lack of symmetry, a side force, roll moment, and yaw moment is generated at zero sideslip angles. While these particular configurations would likely not be used for these reasons (the asymmetry would likely only reside along the y-axis), the validated solutions illustrate that relatively complex non-axisymmetric analytic solutions can be constructed. While excellent agreement exists in the force coefficients, a minor discrepancy is observed in the moment coefficients. This illustrates the fully approximate nature of panel methods in which the shape of the vehicle is approximated using small flat plates. For slender vehicles with complex shadow boundaries, the paneled integration demonstrates a slowly converging solution to the analytic result. This illustrates a challenge of using panel methods for high-performance, slender configurations. Since the mapping of vehicle shape accuracy to aerodynamic coefficient accuracy is not known a priori, multiple paneled vehicles of various accuracies are required until convergence of the aerodynamic relations is observed. Since the hybrid relations only require a quadrature rule along one direction, u, a highly accurate solution can be constructed with a relatively few number of efficient quadrature locations. In this work, a sufficient number of Legendre-Gauss-Lobatto points (30) was chosen to ensure convergence of the numerical hybrid solutions across all geometries investigated. To illustrate the computational speed of the hybrid exact-approximate analytic relations obtained in this investigation, the average compute time of evaluating each solution during the validation process on a dualcore 2 GHz modern laptop is listed in Table 2 . Note that these times were calculated from the evaluation of Matlab functions as well as functions autocoded to C. While improvement of approximately one to two orders of magnitude is generally obtained by autocoding these analytic results into C, the lengthy expressions of fourth-order Bezier curves prevented this conversion. The fast execution of the Bezier curves of revolution suggests that these relations could likely replace panel methods for all studies of bodies of revolution. Additionally, these results indicate that the hybrid exactapproximation solutions, which require an analytic approximation for one integration, are efficient for both axisymmetric and non-axisymmetric solutions. As such, these results indicate that further investigations into non-axisymmetric solutions will likely be worthwhile. While the rapid execution would enable these methods to replace panel methods to generate large aerodynamics tables of force and moment coefficients, the fast compute times indicate that these general expressions could also be efficiently incorporated within the mathematically coupled, multidisciplinary design environment described in Section I. 
III. Computational Performance of the Hybrid Relations

IV. Future Work
Repeated Expression
This investigation demonstrated that efficient hybrid exactapproximate analytic solutions can be constructed for general vehicle configurations. However, as illustrated in the enclosed database, the resulting analytic expressions are lengthy, and many redundant calculated are embedded within the various relations. For example, investigation of the force and moment solutions to the second-order Bezier curve of revolution indicate that there are many common calculations such as those listed in Table 3 . To improve execution speed, repeated calculations such as these should be calculated once, stored in memory, and referenced throughout the analytic expressions. As such, a symbolic optimization engine should be created that is capable of analyzing the lengthy analytic expressions to identify common terms and perform the corresponding symbolic substitutions. Note that this procedure is more challenging than may otherwise be expected. As a simple example, if the term 2u 2 is repeated throughout an expression, then it is challenging to differentiate this term with the term 2u 20 . As a result, a detailed analysis of nearby characters must be performed to ensure that the symbolic substitutions do not change the overall calculation. After these substitutions are made, then it may be possible to autocode higher-order solutions, including those of the fourthorder Bezier curve of revolution. To further enhance execution speed, a detailed quadrature analysis should be conducted to determine the appropriate number of terms that may be best suited for each particular class of shapes. Note that since a highly efficient quadrature scheme was used in this investigation, the benefits of this analysis will be secondary to the aforementioned symbolic optimization.
While the efficiency of existing analytic relations should be improved as much as possible, the limit of non-axisymmetric hybrid exact-approximate analytic solutions should be further investigated. As shown in Section II.B, limited solutions for 2 nd order Bezier surfaces have been constructed for anchored edge control nodes. However, when these anchored values are replaced with general constants, the current analytic integration procedure fails. Since the constant anchored values are replaced with an unspecified constant, solutions to this more general representation of the Bezier surface should exist. However, the complexities associated with the analytic integration process (e.g., real vs. complex domain analysis, assumptions on the relative arrangement of the node locations, etc.) have likely precluded the discovery of these more general solutions. Further investigation of these considerations may yield new solutions.
The major challenge associated with this investigation is that many expressions have no known integral, preventing the construction of analytic solutions. To avoid these integration challenges, the inverse aerodynamic problem should be studied in detail. In this potentially useful approach, the analytic aerodynamics would be specified a priori, and the shape of the vehicle could be estimated via differentiation of these analytic relations. Since differentiation is a relatively straightforward process, this approach would not be subject to the integration challenges that are addressed in this investigation. As solutions to new configurations are explored, special consideration should be given to emerging technologies such as morphing or flexible structures. For example, analytic relations for inflatable aerodynamic decelerators would enable the real-time modeling of shape change during trajectory propagation. As such, these relations could be used to improve the hypersonic modeling of passively flexible systems or to support targeting studies of actively controlled systems.
V. Summary
In this investigation, hybrid exact-approximate analytic aerodynamic relations are constructed for general vehicle configurations based on Newtonian flow theory. These relations serve to expand on the prior analytic aerodynamic database that consisted of solutions to specific shapes such as spherical segments, conical frustums, etc. Solutions to second-, third-, and fourth-order Bezier curves of revolution were constructed by performing the first surface integration analytically and subsequently incorporating the analytic shadow boundary into this result. Due to the complexity of the resulting expression, the final surface integration is approximated analytically. Since the unshadowed surface limits have already been incorporated into the solution, this final integration is performed in a manner that is independent of the orientation of the vehicle. As such, solutions in both force and moment coefficients are created that account for both shadowed and unshadowed orientations. Since these analytic solutions are invariant, they can be incorporated into the mathematically coupled multidisciplinary design environment as described in Section I. Additionally, the majority of axisymmetric vehicles of interest can likely be represented by these Bezier curves of revolution, and as a result, conceptual design studies of axisymmetric vehicles would likely not require the use of panel methods. To further expand the domain of hybrid exact-approximate analytic relations, solutions to constrained second-order Bezier surfaces were also constructed for a zero sideslip. These solutions require the outer nodes to be anchored within the same plane, allowing the central node to be arbitrarily located to construct various non-axisymmetric geometries. Comparisons with an independently developed panel method validate the analytic solutions derived for both Bezier curves of revolution and Bezier surfaces. Average compute times of a fraction of a second illustrate the computational efficiency of the hybrid exactapproximate analytic relations to support conceptual hypersonic design studies.
